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& loosely, for N > 2, k > 3,

my(N)
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For any g = A(D) € 7/ and ‘statistical’ large D,
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it (1) my,(N) breaks at k (good #)

@ N large enough (good D)
— probably generalized ‘Eout =~ E,’, and
if (3) A picks a g with small &, (good A)
— probably learned! (:-) good luck)
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VC dimension of H, denoted dyc(#) is

largest N for which my(N) = 2N

e the most inputs A that can shatter
e Oyc = ‘Minimum k' - 1
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 positive rays: my (N) = N+ 1
Qyc = 1 .
» positive intervals: my(N) = SN2 + SN + 1
Qye = 2 o e
= convex sets: my(N) = 2V
« 2D perceptrons: my(N) < N3 for N > 2
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» regardless of learning algorithm A
» regardless of input distribution P
» regardless of target function f
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training examples final hypothesis
D: (X1, ¥1) - (Xny Vi) g="f

hypothesis set
H

—. VC Dimension of Perceptrons

guarantee
on generalization
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linearly separable D with X, ~ P and y, = f(x,)
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T large N large
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Ein(g)=0 EﬂU’f(Q) = Eiﬂ{:g:'
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e dpe >d+1
e dpe <d+1

« 1D perceptron (pos/neg rays): dyc =2
» 2D perceptrons: dyc = 3
* Oy > 3 *
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« d-D perceptrons: dyc = d + 1
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to shatter . ..
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forany y = : , find w such that
Yd+1
sign(Xw)=y <<= (Xw)=y & w=Xx"y
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Xd+2 =a1*X1+tays*xXo+---+ag*xXy
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d-D General Case

p— T -
— x —
x} more rows than columns:
—x] —
X = : linear dependence (some a; non-zero)
— x§+1 — Xgi2 = 81Xy + @Xo + ... + Ag11Xg4+1
Xl
i d+2 |

e can you generate (sign(a;), sign(az), ..., sign(aq.1), x)? if so,
what w?

WiXgo = aWxq+aW Xo+. .. 4 ag. 1 W Xgy1
[e] X X

> O(contradition!)
¢5 BUEBAAEd,. = d 4 1,

=. Physical Intuition VC Dimension

(modified from the work of Hugues Vermeiren on http://www.texample.net)

¢ hypothesis parameters w = (wy, wyq, -+ , Wy):
creates degrees of freedom

¢ hypothesis quantity M = |H|:
‘analog’ degrees of freedom

¢ hypothesis ‘power’ dyc = d + 1:
effective ‘binary’ degrees of freedom

dvc(H): powerfulness of H |
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B , F=4dichotomyf98iE |, BT featuresfI N , (BHARLEITHY,

practical rule of thumb:

dye = #free parameters (but not always)
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M and dvc,

copied from Lecture 5 :-)

@ can we make sure that Equt(g) is close enough to Ei,(g)?
@® can we make Ei,(g) small enough?

Q@ Yes!, No!,
P[BAD] <2- M/ -exp(...) P[BAD] <2- M -exp(...)
® No!, too few choices Yes!, many choices

© ves!, P[BAD] < Nol, P[BAD] <
4-(2N)% - exp(...) 4. (2N)% - exp(...)
® No!, too limited power Yes!, lots of power

Y. Interpreting VC Dimension
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For any g = A(D) € 7/ and ‘statistical’ large D, 0 mbbmmsiml ). > 2

Pp||En(9) — Ean(g)] >¢| < 42N)" exp (—§eN)
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..., with probability > 1 — §, GOOD: |Eir(g) — Eout(9)| < €

set 5 = 4 exp (—%eQ N)
— =  exp (—%EQN)
n(4E5=) = 4N

Jhm(55) =
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For any g = A(D) € 7/ and ‘statistical’ large D,

Pp UEm(Q) — Eou(9)] > 5] < - exp (—%EQN)J

BAD )

..., with probability > 1 — 5, GOOD!

gen. error | Ein(9) — Eout(9)] < \/% In (4 5 )

g 5 Eout(9) < En(9)+ \/% In (4 ) )
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with a high probability,

dyvc
Eout(9) < Ein(9) + \/% In (%)
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Q(N.H.5)
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out-of-sample error ° dVC T Ein i, but 2 T
* Ovc J: Q2 | but Ej, 1
model complexity . -
: : o e best d. in the middle
=
I
|
: in-sample error
1
ds, VC dimension, dy.
powerful 7 not always good! J
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o dy K, Bl , QX (S%).
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TENBE—IMES: : HEASZYE ( Sample Complexity ) . ANRIEEy.  HEAREWED
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given e=0.1,0 =0.1, dyc = 3, want
N  bound
100 2.82 x 107
1,000 9.17 x 10° sample complexity:
10,000 1.19 x 108 need N ~ 10,000d\ in theory
100,000
29,300




BTt ESEIN=29300 , RIFFHEI = 0.1A95M. NALIRd,AI10000fF, XML
BEAKRT | IRPEEAFEXASHIFANE | KERFEd,AI10EHET. NAY
ESEZNAXAKRZEIVC Bound I FEMT , FMERIRIR—MLERAES
AL

Looseness of VC Bound

Py [|Em(g) — Eou(g)| > e] < 4(2N)%cexp (—%E2N)

theory: N =~ 10,000d,c; practice: N ~ 10dyc

o Hoeffding for unknown Egy; any distribution, any target
o my(N) instead of |[H(X1,...,Xn)| ‘any’ data
o N%c instead of my(N) ‘any’ H of same d
e union bound on worst cases any choice made by A

—but hardly better, and ‘similarly loose for all models’
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