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Linear Regression Hypothesis

age 23 years
annual salary | NTD 1,000,000
year in job 0.5 year
current debt 200,000
o Forx = (xg, X, X%, -- -, X4) ‘features of customer’,

approximate the desired credit limit with a weighted sum:
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« linear regression hypothesis: h(x) = w’x

h(x): like , but without the )
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linear regression:
find lines/hyperplanes with small residuals }
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popular/historical error measure:
squared error err(¥, y) = (J — y)?

finsample Y outof-sample

N
En(w) = 35 3 (h0ke) ~yo)? | Eou(W)= € (WTx—y)
n=1 ’
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. 1 »
min Ein(w) = lXw - y|

* E;,(w): continuous, differentiable, convex
» necessary condition of ‘best’ w
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—not possible to ‘roll down’

task: find wyy such that VEn(wun) =0 |
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The Gradient VEir(W)
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En(W) = lIXw - y|? = = (WTXTXW— ow’ X7y + yTy)

A b c

one only vector

Ein(w)=7; (aw2 —2bw + c) Ein(W)=17 (WTAW —2w’b + C)
VEn(w)=4, (2aw — 2b) VEin(W)= 1 (2Aw — 2b)
simple! :-) similar (derived by definition)
VEin(w) = -,% (XTXW — Xry) J
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Optimal Linear Regression Weights
task: find wy,y such that 2 (X"Xw — XTy) = VE,(w) = 0

ol

invertible singular

» easy! unique solution » many optimal solutions
» one of the solutions
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WLIN = (XTX) XT Y
N ~ < Win = XTY
pseudo-inverse xi

by defining X' in other ways
» often the case because
N = d 1

practical suggestion:
use well-implemented | routine
instead of (XT}()_1 R
for numerical stability when almost-singular
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Is Linear Regression a ‘Learning Algorithm’?

Win = XTY J

No!

e analytic (closed-form) » good E,?
solution, ‘instantaneous’ yes, optimal!
e not improving E;, nor » good Eout?
Eout iteratively yes, finite d\¢ like perceptrons

» improving iteratively?
somewhat, within an iterative
pseudo-inverse routine

o

if Eout(Wyin) is good, learning ‘happened’! ]
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Benefit of Analytic Solution:
‘Simpler-than-VC’ Guarantee

E—m = S {E,,-,(WL,N W.l'.t. D
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En(wun) = N”V - \_X‘_{

)} to be shown  ise level - (1-4)
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identity
call XX the hat matrix H
because it puts / ony
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Geometric View of Hat Matrix

span of X

» ¥ = Xw_,y within the span of X columns
y — y smallest: y — y | span
H: project y to y € span
I—H: transformy toy — y L span

claim: trace(I — H) = N — (d +1). Why? =) |
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trace(I — H) = trace(I) — trace(H)

= N — trace(XX") = N — trace(X(XT X)) 1 XT
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An lllustrative ‘Proof’

span of X

« if y comes from some ideal /(X) € span plus noise
» noise transformedby I —itobey — vy

1 . .
Ein(Wuw]:E”Y—ﬂF = gll(1—1)noise|®
(N = (d + 1))|Inoise|°

Ei, = noise level - (1 — %)
Eout = noise level - (1 + %)
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The Learning Curve

Eout = noise level - (14 %1)
_|_

En = noise level - (1 — %)

Expected Error

d+1 Number of Data Points, N

« both converge to 2 (noise level) for N — o

» expected generalization error: 2(%+1)

linear regression (LinReg):
I
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Linear Classification vs. Linear Regression

Linear Classification Linear Regression

Y = {-1,+1) Yy = R

h(x) = sign(w'x) h(x) = w'x
er(,y) = [V#V] ei(y,y) = (§—-y)?
NP-hard to solve in general efficient analytic solution

{—1,4+1} C R: linear regression for classification?

@ run LinReg on binary classification data D (efficient)
® return g(x) = sign(w/,x)

but explanation of this heuristic? )
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Relation of Two Errors

errg 1 = Hsign(wrx) - yﬂ €ITsgr = (wa — y)2

desired y = 1 desired y = —1

—squared
—0N
err err
wa WTX
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errg/q1 < eIfsqr
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Linear Regression for Binary Classification

errg/1 < elfsqr

Ve
classification Equt(w) < classification E,(w) +
< regression En,(w) +

* (loose) upper bound errgy, as err to approximate errg /4
» trade for

w v useful baseline classifier,
or as
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