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RBF Network Hypothesis
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Govu(X) = sign (Z oxp (—lx - ||2}+b)

Gaussian SVM: find o, to combine Gaussians centered at x;;
achieve large margin in infinite-dimensional space,

Gaussian kernelf953—F0Y;xERadial Basis Function(RBF) kernel , B1RmE1EER
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, RfaHsignREHNRFRNER. X MIERERTAIZEI M 4BrYaggregationd G AT
BREFHhypothesisZ&tHAE , TR, () EFREINE,. HilHEgn ()M
radial hypotheses , Gaussian SVMEL GBSVt hzAIradial hypothesesii{T4tt:
2% ( linear aggregation ) ,

« Gaussian kernel: also called Radial Basis Function (RBF) kernel
« radial: only depends on distance between x and ‘center’ x,,
 basis function: to be ‘combined’

o let g(x) = ynexp (—|Ix — x,||?):

svm(X) = sign (L5 angn(X) + b)
—linear aggregation of selected radial hypotheses
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#B2. , Radial Basis Function(RBF) Network L3R 2 _FHGaussian SVMEELEAYZE
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Neural Network RBF Network
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Neural Network SRBF NetworkfE#iHEEARZE MUY , #82_E—Ehypothesesilzk
H2HE ( linear aggregation ) , {BEXTFIaEIENZ MBS TCRIYE , Neural Network
BEEAMWTR (inner-product ) N _Etanh()EREHIT3% , TIRBF Network 2{FEFEIEES

( distance ) I0_EGaussiantRZEY 5%, SHIEE , RBF Network@ZNeural Network
H—1M s

hidden layer different:
(inner-product + tanh) versus (distance + Gaussian)

output layer same: just linear aggregation

Z|tt, , RBF Network HypothesisLAR MZEF e LAS BN N2 -



RBF Network

_ f xy ™ R-\.\__\\ -'"-.______- "'\-._\_\__H
= Output (Z 5mRBF(X, ) + ) BN — S
m=1 2 — centers ” votes —output
_ TSR e —— 7
key variables: Xy T S
S »
centers pp,; (signed) votes iy, T e

EH, g TRENPORRINE |, BEESMETHN—MOR ; i E
"RBFREYINE , RIREERTGLLE.

YFAzE|Gaussian SVM_E , FEXERBFEEGaussianE®E, HHFEo KPS , R
FEJOutputFiEsignihiEl. H , RBFI M EIMEETSHFEERNNEISY |, pm B
=SV, |, TS, BLEEDual SVMHPHESEEIN o, yn B. BBEMZIN
BirmtERIE 2 XI8IRBFFIOUtput , SRRERFHIPO AR o FINEZRE B «

RBF: Gaussian; Output: sign (binary classification)
M= #SV; p,: SVMSVsXn:  Gm: amym from SVM Dual

learning: given RBF and Output,
decide p,, and 5,

EZBINMESYMBIRTRE |, BAiIEtiEMercerEIR | —MEEEKerelIFe D N EL
REENTRIBRFIEER |, &MHLRETZl. BRT Gaussian kernelif%EPolynomial
kernelE, KernelSLfr LA TR RIEZERIEMIYE | BRIz EITTERTR
A, ERIE—EZ AR, TIRBFSLIR R EEFAxTS ARIEE kiR 7 —
FRAELME | BEESHR , BIEHE. Et , kernelfIRBFEILAE R EFFMEEMEIME

( similarity ) B9, AXNEHIGaussian RBFEI A ERIZTEE,

kernel: similarity via Z-space inner product
—governed by Mercer’s condition, remember? :-)
Poly(x,x’) = (1 + x"x’)?

Gaussian(x, x') = exp(—~|x — x'[|*)

Truncated(X, X') = [||x — x'|| < 1] (1 — [}x —x)2
RBF: similarity via X'-space distance

—often to distance



PR T kernelfIRBFZ4h , MEHEHERBIUMAIREL. FIANEHEMEPIEETHE
HEBRNINEZ BRIEIME.

253 LA LS5, FAiJA03E T RBF Networkedistance similarity 2—MRIFAIE WAFHIE

BARAYTTIE. BRUCZOL | BATERTLAE R CaUME R ESR RS . M52
B2 F IRE,

RBF Network Learning

HA1BENE T RBF NetworkfJHypothesisEIZ&RA

M
h(x) = Output (Z 5mRBF(x, p,m})

m=1

HAppy, TRPORGE. pnBINEBMEANRERN |, RSN AR, #E
A=, BIM=N , MIFRAHEIXFhLEFaFR9full RBF Network, tEEiRiR , T
full RBF Network , 8MEA R BRXERAZNTNERE S0 ( uniform influence ) , £
HIFEE HEE R BREFIINEE B IRE. ANRB MRV NEZERN |, 'A1,
Bm =1-ym  BBAEETRIFEIESHITIEHITIRE. REEXSHEHERRRY
RBFEEEZMAES | £ Isignis | BEIRELNTNSEER. XLfrLEHME
aggregationfUidFE , FRAITARBFEARNFTIN , &REREXSIAEFEARH

distance similarityi {72 {4205,

full RBF Network: M = N and each g, = Xm
physical meaning: each X, influences similar x by 7,
e.g. uniform influence with 5, = 1 - v for binary classification

N
Guniform(X) = sign (Zymexp (_":"”l — Imnz))

m=1

—aggregate each example’s opinion subject to similarity

full RBF NetworkB95Ea] AR :

N
Guniform (X) = sign (ZJ’H?EIF‘ (_'T-"Hx - Im”E))

m=1

Al 1kE EUhaIGaussianBREIN , SxSHART, BIRARIRHER , HEiiRiEt
K. HTFGaussianfE Mzt , BEATOR , BlX ;| REFOR  EESTE



BRI, RN , EAENTMROERRT , FERBIEEXGEIERMER RS
KEEER  MATIEEXREIEAREER) , ERTLUZEE. AL, A7 EKIE
8, FATTLARIEExROANFOSEERR , RAX— M RCRREBIBNT R | =RE15E
EIB9REGnbor () B RAIZERIAHIFIORRE. XFMEEIL#nearest neighbor model ,
REEIEEXRITAEF— N BE".

A0 LA nearest neighbor modelif#fTH & , NRARRIEZRE—1MPE" , MRIEE
EEEXERITATKN4BE" , #H{Tuniformly aggregation , SEIREZHIE Gnpor (). XFHTT
B E N MKkiIrSBEXL ( k nearest neighbor ) ,

o exp (—7||x — X||2): maximum when x closest to x,
—maximum one often dominates the - . term

« take ym of maximum exp(...) instead of voting of all yn
—selection instead of aggregation

« physical meaning:
Onbor(X) = ¥m such that x closest to x;,
—called nearest neighbor model
« can uniformly aggregate k neighbors also: k nearest neighbor

k nearest neighbori@& ttnearest neighbor model3EREYF |, i+EE EtHEbfull RBF
NetworkEfgg—Lte, {EE—REAIE , k nearest neighbor5full RBF Network&B.ELY,
R EaEE. BAEIE)ISMERINRZRLRER | IREAZHIEE |, BEEN
HAVHRAZERZE ZNS |, HESEBEIENPOR | TEENER—L,

¥ K, BA15RE— T Full RBF Network B+ ARAMLAFNIFL. FE— 1 squared
error regression[a@ , BE/"RBFEINE N B, MAERIE EXNYn. BRRITER
TAREINS N AY By, (B, 1ZhypothesisEIFRRA :

full RBF Network for squared error regression:

N
h(x) = Outpuf (Z 3mRBF(x, xm))

m=1

RIEE , XB—NEENEMERIF 0 , 8P RBFESATLABMERHEEIR. iR
ERREz, FIFRT=A
zn, = [RBF(zp, 1), RBF(2,,22), -+, RBF(x,,2zN)]
A, IRIEZBIZMERIANBERNRMEAT | BEERERSEISRMER
B=(2"2)"Z"y



RRRSMRIEZT Z 2T,

FEPEZRIANENN , B—1 750k, TH , BT 298N 2, Friz~RSHEER
HYRBF distance , FTLAMNZIN B3R , ZBEXIFRENE. MRAMERNERRT, EA—
¥, NZ—EZ2A .

» just linear regression on RBF-transformed data

z, = [RBF(Xn, %1), RBF(Xn, X2). .. ., RBF(xn, Xy )]

» optimal 3? 3 = (Z7Z)"'ZTy, if ZTZ invertible,

» size of Z? N (examples) by N (centers)
—symmetric square matrix

» theoretical fact: if X, all different, Z with Gaussian RBF invertible _
TRIBZAEFEAUIX LR |, BAITT LAY BEUfRIR T |, B3 -
B=2"y
BRI NFERNTES |, Lla, 61, 183
grer(z1) =821 =y Z 21 =y [10 --- O]F =y

ERIEHEH , BRNHESENESy Z2ER. B, WESN, , 2853
9rBF (%) = Yn. B, Ein(grpr) = 0, BEK , XMERIEREET |, 188
error, B2 , BITZATHBNT , M28%Ih |, E;, = 0H3ETE , RalusmEns
ISR IS,

full Gaussian RBF Network for regression: 3 =Z"'y

Grar( }=,ﬂf =}"TZ-1{ an]:yT[ 0 ... D]T:}q

—Grer(Xn) = ¥Yn, i-€. Ein(grer) = 0,
SR XM AR ESA R REBE Y. tEAEREWLS ( function

approximation ) 1 , BirflEiL By, = 0, EE/RFIARFAEIR A REitiE T SRIR
#nze .

ATEREEINE , FATATLASINEUT | BRIBHIRMER :
B=(Z"Z+ )2y



called exact interpolation for

« but

how about regularization? e.g. ridge regression for 3 instead
—optimal 3 = (ZTZ + A\1)~'ZTy

seen Z? Z = [Gaussian(X,. Xn)] = Gaussian kernel matrix K

A TBERE— T 2560 , ZFEfERH—&5Gaussian¥EBRY , &1 GaussianRET

BRIRM MEARZ [BIfYdistance similarity, XEBAIZ52Za1FA 1N 4Ba9Gaussian SVM

Fakernel KE—HHY, ZATFA 115 Z kernel ridgeregression 2t R EBHIRESD -
B=(K+ )y

Evi:— T kernel ridgeregressionSregularized full RBF Networkf98#2 , Fz=_EABIME
A=etEE., XERESregularizationA~—#E , {Ekernel ridgeregression/d , 2XJ7CIR

SUERIE T EE R regularization , Ti#Eregularized full RBF Networkd , EXIER4E

( N4EE ) B945 R Miregularization, AL , BIERNARBEEMNES.

effect of regularization in different spaces:

kernel ridge regression: 3 = (K + Al)™y;
regularized full RBFNet: 3 = (ZTZ + A1)~ 'Z7y

PRIEEZS , BB BIM—Fregularizationfy73i% , BUENERIENMERREZRIFH

DR, MEREFEEFHIMMERRIEAPOR. HUTSVMPRISV—iF , RikEE
BRFRERNMADROR, XD OREENRI AR TINERESE | setgic

Flregularizationf R , BRAEIHIS.

recall:

QSUM{K) = sign (Z“m}"mexp (—";HI - j"“m”z) + )

sV

—only ‘<. N' SVs needed in ‘network’

» next: instead of M = N

« effect:
by constraining centers voting weights

» physical meaning of centers p

T—B7 , BAMETIETERMAN RO RIERFIIRER.



k-Means Algorithm

ZATEIGRENR | RENNRELEHARRER , BBAMATLAA— TP ORFRAE
Bfil. XFESREE (cluster ) RIBAR , MIFBN MR RFIERDEULMUFREAT

\\\\\

if X4 =~ Xo,
— no need both RBF(x, x1) & RBF(x, x2) in RBFNet,
— cluster x4 and x> by one prototype p = X; = Xz

B2 ( clustering ) [AIREE—FEAIAVIEIREZLZFS) (unsupervised learning ) , 'BHY
MR ER N EZEREME | — B ENDEHES,  8—XFRRA

81,82, +,Su | BIMNBE—ENRAIFORLL, U2,y Mo BPATTFIZER
AL . Eerror function®]{§EFHsquared error measureErE,

» clustering with prototype:
« partition {x,} to disjoint sets S;,S..--- . Sy
« choose p, for each S,

—hope: X1, X2 both € Sp & pp= X1 = X
» cluster error with squared error measure:

N M
En(S1. - . Smipty:- - s ) = ZZ Xp € SmH”xn_FmeE

=1 m=1

A, HMNEMTHREHEERSIERS, S, -+ -, SMFpL, po, -+ -, iy . 18
Eiyn &MU, SIRAIATURIRTRA ¢

with Sy, --- . Sy being a partition of {x,},

N M
min Z Z [Xn € Sm]|[Xn — pmll°

{S1, Sty bt}

n=1 m=1
. : joint combinatorial-numerical optimization
. of variables: will optimize alternatingly

MNP ERIMERT | FMBEBAMXE—MESRIENRIERE , REMUDEHESK
, NERBFE—RNPORU, . L, XOS/IMEERZRES. MR, B85
Y73 ERXI S p T B TR KA,

B, MRy, po, - - -, pu REER , BIssRREX BRI, #IToRER. X
PRFIIERER , BB MFARRERT S | FeERNBET R EEZT



#. Pl , REREEEAT  HEEEST, RIENPOR[RUEIR,

if peq,---, uy, fixed, for each x,
 [Xn € Sm|]: choose one and only one subset
o ||x, — u,,||*: distance to each prototype

optimal chosen subset S, = the one with 1%, — pemll®
for given peq.-- -, pyy, €ach x,
‘optimally partitioned’ using its Hm
A ANRS1, Se, -+ -, SMREER , BFERERHE MNP ORu. B2,

HRiE_ETURRYerror function , FrGRYT, DEERERNRY , BlAZER/IMLEIRRE— 1 EE
ARHERIHEE, NTENEES,  FABETESZE | AIAEE u, A,

if Sy, . Sy fixed, just for each p,
N
v;_.L,.,.,Ein = _EZ [[xn S Sm]]l:xn —By) = Z Xn| — |Sm|.um
n=1 XES5m
optimal prototype p,,, = of X, within Sp,
for given Sy, - -- . Sy, each
‘optimally computed’ as within S, }

a0 EEFR , PORUm ETERET B S A TFIMELL.

LI LRSS |, B(IER T — 1M EBEBRAI—unsupervised learning&i% , AU
k-Means Algorithm, XERIKFLERR LEAIM , FREEIINEL

k-Means AlgorithmBJiRFERIXFERY : B5T , BEIERK N IO R, 2, - -+, Pk 7R
5, BEBENPORBEIRRERES, S2, -+, Sk ; =5 | BHEBTERERTE
HIFNAEARNROSR  BEFEIRNERITTE | REMNUFSER TRIMEITE , &
WIS uFIS(E , BRI , STNE;, &/Mb. BREE TR -



k-Means Algorithm

© initialize peq. peo. - . .. g say, as k randomly chosen X,
@ alternating optimization of E;,: repeatedly
@ optimize 51, S, .. .. Sk:
each x,, ‘optimally partitioned’ using its closest u;
@ optimize gy, po, ..., -
each p, ‘'optimally computed’ as consensus within S

until converge

B—NAERE |, k-Means AlgorithmBYfEIRNER —ESF LS ? & H—EseSRI&N
RIS ? ZEREETEN. AASREREH , pflSESSE E—REFEIRIE |
R, 2AEEY. ME;, B TREO , Fill, E)REESET0 , uflISKRE
B RIRIIE.

k-Means AlgorithmB&NB5e5E., K , FAiJiBk-Means AlgorithmiizFHEIRBF
NetworkdZA&. Bt , {FBk-Means , BEIFRIEHARK N POR. [RIGHEAZIK DL
HZER T RBFEHIEEERD (2). AT, iRIBELENBIEEER |, BRI ATET
HEINELSE. BFE  BIREaNd(z)BREMAS | BE2EgrprNEr (T)H0FIA
. EANEEREN TR

RBF Network Using k-Means

© run k-Means with k = M to get {u,,}
@ construct transform &(x) from RBF (say, Gaussian) at ¢,

®(x) = [RBF(x, 1), RBF(x, p2), . . ., RBF(X, )]

© run linear model on {(®(Xn), yn)} to get 3
@ return gasrner(X) = LinearHypothesis (3, ®(x))

-

EE—RINE , XBHR(ER T unsupervised learning ( k-Means ) SEAI1ETEN
BRYautoencoderz:{ll , EIFEEBRYFiEEEHR ( feature transform ) B9/53%.

ERMKBIIET , S808k-MeansZEEF NIM, GaussianRESEINE. FAiInT
LA FvalidationBY 75 ARISEERIENSEE.

» using unsupervised learning (k-Means) to assist feature
transform—Ilike autoencoder

» parameters: M (prototypes), RBF (such as ~ of Gaussian)

RBF Network: a simple (old-fashioned) mﬂdeIJ




k-means and RBF Network in Action
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B K, I HBk-Means FAZIRBF Networkd , EHESD5IIREKA2 , 4, 7, RNEHER
BISEIND SRR -

REAE |, k=20Y , DR ARKIF ; k=4RT , DR ITF—L ; Mk=70F , DR
BT , BeEEABMHISHANERS S, Xk Tk-MeansHkEIREEBERSE , X
RBF NetworkA94> S8R EIEEEAIER.

BEE—MIF , t0R(EBfull RBF Networkiff{7453% , BIk=N , (0 FELDBET , 18

SIFUEEFA = 0.001, FTEALESRREEI RBF Networkdfinearest
neighbor, TEFBFRRAIEK=48IRBF NetworkfJ73 358 ER.

k=N k=4 nearest neighbor

A =0.001
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M EERECERAF , FATTLULIfull RBF NetworkiSZIEUD RE&LVIRESHESR. BT
full RBF NetworkBUItEELVE K , FiLA—R&IER T , SEPRNEBAKSE,

st

Iov=H

ATHRFEESE T Radial Basis Function Network, RBF Network Hypothesisgi&it
BHEAZ [Eldistance similarityf9Gaussianii2] , iIXKREEN T HEMNEHRIEHRE



7C. RBF NetworkiVi)ll&# X178 , HLHEXATERIRE HypothesesiH1Tlinear
aggregation, A5 , BAINB T —MAEK IO =AJunsupervised learning&i% |
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