SEXFEMTHEINRZEIREFIEFSEIC2 -- Dual Support

Vector Machine

FHBRBAIEBNB T E&MSIEFEERN ( Linear Support Vector Machine ) , Linear
SVMH BRI BILHTIEREN S E | BERFERATIRMRIERKHS
Kk, APIRBANB—NAEAF , ARIBESZIFHFREL ( Dual Support Vector
Machine ) , ZIXMNFEIBEITEEHS KL , ¥ SYVMBRAEE.

Motivation of Dual SVM

B, BAIEm—T , IFIELMSVM |, BATBE T LAERIEAMIHRIE T E M
Rz, RS E2dFF , REL—TRENAS | FR%KMESVMEREREDE,
E—TEFA IR |, (EASVMERlarge-margin , iF> T BRIHIVC Dimension , PR
TIRBSHE ; 5—HH , (GRS, BRRHERESSY , /By . FTLA
i, IEEMSVMEIBXE BRIGEIIER , PEXREXRR. A |, FIEESET
KIRQPIAEEARPRISENIEd + 1, ERERMEZY , Md + 18k , FBRCKIR
XANQPEISREZMERENE, Md FERAMAHE , [DEELTERLIKE , BABRE
HATSETLBRXANEERIR ? —R5 A 2ESVMESKIBITEAMKR | XHER
IADRIETICHEENS.

05. Ia

al=y,[1 2} Jica=1
' b
®(x) l W] - DP(Q, A, C)

returnbc R & w < Rd with
gsvm(X) = sign(w’ ®(x) + b)

-
Q=[D 05']: :

bi—T , B E—SiEAmAAOriginal SVM T RiLEiaIsam BN Ed + 1, BN
NI ; TIATHE | BANCEEES L AHBTER ('Equivalent SVM ) , FHEE T
KR, RASESBMRERHNA |, ANHIANREISLE, XEHBSVMATIFA R
SRBANG X , SdFRX , XERARE L SURFIRY d TR AR LK RAIIS.



Original SVM

(convex) QP of (convex) QP of
s d -+ 1 variables N variables
« N constraints N — 1 constraints

PTG AL /RS BIRLER ('Equivalent' SVM) |, HPRIEIFHESIFES S , AR
HIFEEEAICIE | (BRENELSHIRE LIHTRBAES.

BB BEHIIE (NesFIER) REFNBHRegularizationd |, E&R/IMEE;, BITFE
t, EIFEINTIREISEE : wlw < C, &ﬂ]ﬂ’]?ﬁ’ifiﬁ%lA?ﬁ%EﬂEl?A,4\75
FAHR9ER/IMYEIRR ‘i’é}ﬁt%mﬁﬂﬁrd\ﬂclﬂj
min Eaug (w) m (w) + —'w w, E§z§1§§UE"JWE"J%{ﬁ'{tﬁﬂ3 .

VE;,(w) + %w =0
FrLA , fEregularizationja]@irh , AZEEE , KELETERS. B4 , X¥Fdual
SVM[aJER , EHEERTLASIAN | B 1¢|Eﬂ5ﬁ$§?ﬁ7]$ ASA)RE R7F TAERNSEL ,
BNEEN |, SENEHITKEE.

Regularization by

Regularization by
Constrained-Minimizing £,  §==3l Minimizing E.,q

: T A
min En(W)st.w'w<C min Eaug(W) = Ein(w) + Ewrw

C equivalent to some X = 0 by checking optimality condition

VEn(W)+ 2w =0

regularization: view X as given parameter instead of C, and
solve ‘easily’

dual SVM: view \'s as unknown given the constraints, and solve
them as variables instead

ANMEE SR AR DARSRRIER ? E—TRERNINMBISVMAF |, BiRZ :
min ;'w w, ZMHE y(wlz, +b) > 1, forn=1,2,---,N, &5k, &

SHIBBEEF o, ( XETFregularization ) , ¥IE—PEREY
1 r
L(b,w,a) = P w—l—Zan 1 — yn(w” 2z, + b))

XN REANE—TIRSVMRIBIR , FIUESVMBIFAFIAIER B R F o, A3



A FHEXANREFRIANSEAH RS EPEE=1240:b, v, a,.

. o with Lagrange multipliers X¢ an,
g
’ . C(b,w,a) =
st ya(w'z,+b)>1, N
forn=1.2.....N %WTW—I—ZHHU —yn(wrzn+b1)
objective n=1 nun;;-raint

E , FARBAAERIEREL , BSYMIIER—MEFATR

SVM = min ( max (b, w, cx)) = min (:x:. if violate ; w'w if feasihle)
bw \all an=>0 b.w

any ‘violating’ (b, w): aﬁ"aﬁn(j + > ,an(some pnsitive}) — 00

any ‘feasible’ (b.w): max (:I + > pan(all non-pusitive)) =0
all cen>=

ZERIMLARPEE T RANIEE | EARER ? BARITEISHART
an > 0, HRIESVMESRRESRMAE : (1 — yu (w2, + b)) < 0, MNSRGEATSH
g, EREEA — yo(wl 2, + b)) < OIER , EHa, > 0, BBANKE
S an(1 — yn(wh 2z, + b)) > 0. WFRMATENOBR  HREAEETBEN.
MBS FAENAS , WHEE( — yo(wl 2, + b)) <0, BARAE

San(l —yn(wlz, +0) <0, WEY an(l —yn(whz, +b)) =08, &
BRAE , BAERERNISYMBER : Jwlw, Bt , XK AIEREISVM
ISR ETTH.

Lagrange Dual SVM

P , FANELRBSVMIaBEE W A SHSIH EFa, B RIEAR/IMER L. BA
ap > 0, BANTFHIEEN , Bog, > 0, —EBUMFAZRML

for any fixed o' with all o}, > 0,

min( max £(b,w,a)) > Tin L(b.w, o)
W

bw \all ap>=0

X ERARFNGUNGEAE , AEFREMNL



for best o' > 0 on RHS,

min | max L(b,w,a)| > max minL(b,w,a)
bw \all a,>0 allap'>0 bw

-

Lagrange dual problem

FIRRERFR |, BAISVMBIminFImaxf T3 , HEXEFAIXER |, XA
Lagrange dual problem, AZFNAINESVMIAERI TR , BefilE N RABRIME KR
XN,

EM>E—FEEHBERR , EXMKIQPEEF |, WRBHRIA =154

o HEIEMAY ( convex primal )
o HEBHR (feasible primal)

o FMHELMAT (linear constraints )

B4, BRFREFNRENZAGEERR , >3hk= , BI—EFEHERMRIE
(b, w, o) , FEEIBFADERKIL , SVMBIBER L AEIBAR .

IS | SVMBRRIEELELWATEMT

( )

N
e T
max minsw w 1 — w'z b
all «p=>0 b.w 2 + — ”n( yn( ﬁ’+ ))

L &

\ L(bw,a) ]
Hep , FXESEEMIENHASHBEREL(b, w, a)itEERIME. IPAIRIEHE FE
BRI B MENERERENT, B, TL(b,w, o) ISHONIREEAT

OL(b, w, @) N
ob =0=— Z AnYn

N , BRE—EBEDY | 0ny = 0, BBA , BRAIBERANREAN T Emax
S (San, > ORNEN) , FHRTHE :

N
max (min sW'W+ ) an(1 - yn(WT?-n)))

all ap>0,5%" ynan=0 W n—=1



XH, SVWMFRIATUEX T , BEWE T, AF  BRES//MERE , ©
L(b, w, o) WSHWHIHEENE :

OL(b, w, N
%:O:w_;anynzn

ENEE -

N
w = E :any'n,zn
n=1

WHER , BRE—EHEW = Y0 | 0nUnzn. B4, ERERITEXNREANF
TR -

N
max 1EWT‘-f"n" + Z iy — wlw
El" ilnEU,Z ¥nox .-T=U',W=Z Hnynz”

n=1

N N
1 2
— max ——”Z(lnynz”” —|—Zﬂn
- 2
El" ilnED,Z ¥nox n—ﬂ',W—Z Hn_?rnz” n—1 =1

X, SVMEANEETwW , [BAEINEWT . XEMRHNEREE31

e alla, >0

. EnNzl anyn =0

c w=31 | CnYnin

SVMfaﬁ%?JR*ﬁ‘anE’JE—%MEﬂEﬂ, A SRR RS ARMAT | B
— LIS anynzal® + 0 an BIMERIRI R 0 BB

max ——|| Z anyYnZn||? + Z Qi
a” lf'l:n:_}D.z Fn(ln:D-_w Zﬂn}"n i

n=1

Hrh | iBERIEIIREFRZ SIKarush-Kuhn-Tucker(KKT) :



if primal-dual optimal (b, w, «),

primal feasible: yn(w'z, + b) > 1

dual feasible: ap > 0

dual-inner optimal: >" ynan = 0; W =" anynZn

primal-inner optimal (at optimal all ‘ " disappear):

an(1 = yn(w'zp+ b)) =0

—called , Necessary for
optimality [& sufficient here]

ET—85H , BAMSFIFKKTR R BRI e , HTTEEIbFW,

Solving Dual SVM

FEFAIBEZGE T dual SVMRIBHLIMR T , B3R , Rl uHiT— 2. &
5%, FmaxafEEMAmInEE | Fg—LREEIENES , 53

standard hard-margin SVM dual

f NN N
mcin E Z Z f}.nf}.mynyngz;n — Z ¥n
n=1 m=1 n=1
N
subjectto )" yuan=0;
n=1
ap=>0,forn=1,2,....N
(convex) QP of & constraints, as promised

B2, XR—convexiJQPEIR , BENTZEa, , [REIFEEN+14. NRIEL
—HIRHIQPHEE | #EIQ, p, A, XINAYE , ARHTRESHTKEERIE,



optimal a = ? optimal a < QP(Q,p,A,c)

. NN .
mn = 13 S cromVaVmzlzm mn la’Qa+p’a
x =1 m=1 [a’]
N b‘ T }
_Z” subjectto  a; a > ¢,
n fori=1,2,...
n=1
N Qn.m = }’n}’ngzm
subject to Z Ynotn = 0;
n=1
a- =Yy, ac= VY,
an >0 > =Y, ac< y

a/ = n-th unit direction
CE:U, CEZOQ ch=0

F il

forn=1.2,....N

RIBITRRENT , (BEESTENR | dom = YnYm 25 2 . KEBDHESIETH , R
Jodense. NFRAHIENRE , FIAIN=30000 , BRARIRIAOQ pOIHERBAMA | 1k
ZSER A, FL—MRERT , Xddual SYMIEISERIEIEQ p , EE(EF—LRETTS
%, IXESAEHAREAT,

‘@ = YnYmZ} 2z, often non-zero

« if N = 30,000, dense Qg (N by N symmetric) takes > 3G RAM
* need special solver for

« not storing whole (g

« utilizing special constraints properly

to scale up to large N

BRla, 25 , BIRIEZHIIOKKTSRE: , ALt EHwWiIb T, EseRIERe
W= Y2, 88w , REFIBEEHa, (1 — yo(wl 2, + b)) =0, BUYE—
o 7# OBDoy, >0895 , 1881 — y, (w2, +b) = 0, HTIKED = v, — w 2,



KKT conditions

if primal-dual optimal (b, w, cx),
« primal feasible: yn(w'zn + b) > 1
dual feasible: ap, = 0
dual-inner optimal: 3" ynan = 0; W= > anynZn
primal-inner optimal (at optimal all ‘Lagrange terms’ disappear):

an(1 = ya(w'z, + b)) = 0 (complementary slackness)

optimal « = optimal w? easy above!
optimal &« = optimal b? a range from primal feasible &
equality from comp. slacknessif onea,>0=b=y,— W'z,

SRR , HEbE | a,>08F , Hyn (w2, + b) = 15T
Yn (W 2, + b) = 1IEFETRAIRIZATESVMS 2 | | BPfat boundary, thiE
i, iR oy, >0R—E % Efat boundary - , iXEmmiESupport Vector, IXE—

IFE BT,

Messages behind Dual SVM

EIIZ—TF , E—8F , BAHBATFHELDR EAYRFR/Isupport

vector ( candidates ) . ATIRBIENA T an>0HR—EEEDRLINR L | XES
FRZ Jsupport vector (jEEiZHBcandidates ) , BRI DKL LHRA—EEES
HRE , BEHEa,>0ls , —EEFRE.

» on boundary: ‘locates’ fattest hyperplane;
others: not needed

» examples with o, > 0: on boundary
 call o, > 0 examples (z,, )

support vectors Tendidates]
» SV (positive ap)
C SV candidates (on boundary)

—a

SVRHa, >0lRRE , IRIE L —E0HESHIWAIbEITTELATC | F(1AW , wilb{XH
SVBlay, >0MRURE , A TitEE. XEEFN E—RNMBISEERA LR L
HNRFTRERE—MNEE. tBHER , AR B | —28Esupport vectors ,
@idsupport vectorsEJ LA Efattest hyperplane ; B—3AEsupport vectors , X3F
{1315 fattest hyperplane;Z 50,



N
« only SV needed to compute w: w = 3~ ap¥nZn = > an¥nZn
n=1 sV

« only SV needed to compute b: b = y, — w'z, with any SV (z,, y,)

i

[EE Sk, Bl IRE—TSVMAIPLARIWAT

SVM

N N
Wsyy = Z ﬂn(}"nzn) WeLa = Z _-"'fn(}"nzn)
n=1 n=1
ap from dual solution Bn by # mistake corrections

HRI , ZE& R EE2BURY. wey i Hfattest hyperplaneiifR _EFFERISVIR
TE , WprA HFMEHEID FERNRAE. weyvm Fwpr 4 EBBRRIGEIE Ry, 2, B9%
HEGHD | REGBEIEAIRE.

w = linear combination of ynzn

» also true for GD/SGD-based LogReg/LinReg when wy = 0
» call w ‘represented’ by data

RE—T , AR LETREEN B TRMAZZNRISVM , —Fp2EPrimal Hard-Margin
SVM , B—fh2Dual Hard_Margin SVM, Primal Hard-Margin SVMEd + 141&
H, BNMRSISM, Md + HRART , KEME, fiDual Hard_Margin SVMENA
S8, BNHNIRFIEME. HEUEENRAR , BRESIEXRTEEE. R zLED
BEfSEIwAOb , KiSfattest hyperplane, BERER T , NNERENAZREKX , —fEHDual
SVMEARR(AJA,



Primal Hard-Margin SVM Dual Hard-Margin SVM

IRE'l Twlw min Ja"Qa —1Ta
sub. to  yn(w'z,+b) > 1, st.  yla=0;
forn=1,2.....N ap=0forn=1,....N
« d + 1 variables, N variables,
N constraints N + 1 simple constraints
—suitable when d + 1 small —suitable when N small
« physical meaning: locate physical meaning: locate
specially-scaled (b, w) SVs (2n. yn) & their ap

both eventually result in optimal (b, w) for fattest hyperplane
gswm(X) = sign[wrw{xj + b)

X IDuUal SVMB BRI T Bt BNt iBrhadd rOIRE , TRENG%, {8
2 , Dual SVMEBEMH TXId HKEIR ? H0Hiss. EAMETE

Gnim = YnYUm 2L 2 BOISEER |, BzABEINTd , SChF L SR ECEERET &SR
T, FRLL, BB, F—HRRI SRt aiasdd iy
i,

min %QTQDEE— 17
subjectto  y'a =0;
ap > 0.forn=1.2.....N
« N variables, N + 1 constraints: no dependence on d?

® Gnm= ynymzf:zm: inner product in R
—O(d) via naive computation!

B g

1=

ATHRFENEBTSVMIIB—FZE - Dual SVM, B TXEMI0HE S 2R THR
HES R BRI, Dual SVMEGHESIS IR 2B 8 I \NAIRIBAE T , ESVMESL,
FEERERR, RS, FIFQP , SRIRERITIEHHE Fa, BBITKKTE
# , HESEIRIRIWRIb, BEER/Sfattest hyperplane, F—5R , B H§#ERDual
SVMitEidt2sdd fkikiDas,

iE08 :



NEFRAERNERIIREEEAEMNHA (TRFEIKE) #i2



