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Introduction

In mobile systems, a key requirement is not to increase the total transmitted
power, since more transmitted power generally means more interference. The
multiple antenna techniques can increase received power without increasing
transmitted power. This achieves through improved power gain.

An important concept covered in this chapter is antenna diversity to overcome
fading effect. This is because the probability that all antennas fade
simultaneously is relatively small if they are separated by sufficient distances, as
illustrated by the figure below. No CSIT is required in this case.
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Introduction

We will focus on relatively simple single-input multiple-output (SIMO) and
multiple-input single-output (MISO) systems. We will only briefly outline the
multiple-input multiple-output (MIMO) principle that has been identified as a
key technology for future cellular systems.

Chapter outline:

Part 1 Antenna combining techniques
Part 2 Space-time coding
Part 3 MIMO



5.1 Antenna combining techniques



Selection combining

Combing techniques refer to the methods of utilizing the signals from different
antennas. A common technique is switched combining, in which the best signal
Is selected from different antennas. In theory the best signal is the one with
maximum SNR. In practice, however, it is difficult to judge and normally the
strongest signal is selected.
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Selection combining

Define

) local mean signal power at antenna i _ p.
= =

mean noise power o
where i1=1, 2, ..., M for M antennas. We assume that p, is exponentially

distributed (Rayleigh fading) and o is a constant. Then y has an exponential pdf
_ %

“e 7, for all y, >0

psingle antenna (7/|) =7V

The outage Is defined as
Pr(yi <7,)
This is the probability that the signal from one antenna is below a threshold value

%- The outage can be calculated using a cumulated distribution function (cdf)
given below.
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Selection combining

The outage probability that the best signal among M antennas falling below a
threshold value j; Is given by the following cdf:

I:)M antennas (7/0) — Pr(ymax < 7/0) :( Pr(?/i < 7/0) )M :[1—e;j (53)

It characterizes switching combining with M antennas, average SNR » and
threshold j;

We can also get a pdf by taking differentiation to cdf in (5.3).
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The average SNR at the combining output is given by

M -1
’ ¢ B B
‘([%DM antennas (7/0)d7/0:_(‘;7/0 [Me ’ /7/ J{l_e yj d7/o (54)
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Selection combining

Average SNR.

minimum SNR
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Outage probability of selection combining In
Rayleigh fading
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Gain combining
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co-phasing circuit and adding -
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With gain combining, the signal from the ith antenna is scaled by a complex
coefficient a; (meaning adjustment on both amplitude and phase) and summed.
The received signal for the ith antenna is given in its phasor form as

=hd+n, (5.6)

where h; is a channel coefficient, d is the transmitted signal and #; is a noise

sample with variance o?. For simplicity, assume the same noise power for every
antenna i. The output of the combiner is

r:iai i :(iaihi)d +iai77i (5.7)

11



Background: coherent signal adding

Consider
pCoS(2z ft+8) = p,cos(2rz ft+6,) + p,cos(2x ft+6,)

Given p,, p,, 6, and 6,, we can find p and @ using a phasor diagram:

p|<|p, + p,| and max(p) = pyt+p,at
6,=0,.

We say that the addition is coherent when 6,=6,. Coherent addition is crucial for

power maximization.

Clearly,
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Adding non-coherent and coherent variables

We now discuss more general cases of adding multiple variables

X = i Z, (5.82)
where {z.} are phasors: =

z = pe!st (5.8b)
We consider two extreme cases:

(i) {z;} are independent random variables with zero means. In this case, from
probability theory,

(\2\2):Var( ) = ZVar( )= ZE(\Z\) (5.8¢)

This is referred to as non- coherent addlng In particular, if all {z;} have the same
average power, then

E(|2)=M-E(|z[) (5.80)
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Adding non-coherent and coherent variables

The phases of {z;} are aligned, i.e., 6,= 6,=...= 6, . In this case,

5] :(iMZl‘Zi‘)Z (5.8¢)

This is referred to as coherent adding. In particular, if all {z;} have the same

power, then . ,
= =M? |z (5.81)

From (5.8d) and (5.8f), coherent adding has a power gain of M times than non-

coherent adding.

The advantage of coherent adding can also be seen from the following general
Inequality:

izi 2 s(i\zi\)z (5.80)

The above shows the optimality of coherent adding.
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Phase alignment

We now consider a set of variables {z; = a;h;}. Clearly, to achieve coherent
adding, we can properly choose {a;} to align the phases of {a;h:}.

Example: Let {a,=*2} and {h.==2}. We have two cases:

Non-coherent adding: All {a;} and {h;} are independent. Then

e[

2.ah
Coherent adding: We choose a,=h, for every i. Then

EEileaihi 2): E((i\aihi\)zjz(m «(2x2))" =16M?

Note: In the above, non-coherent adding leads to “power adding” while coherent
adding leads to “magnitude adding”. The former may involve signal cancelation
since the signs of {ah;} can be different, while the latter always involve signal
enhancement since the signs of {|a;h;|} are all non-negative. 15
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Equal gain combining (EGC)

Let

h =|hle” fori=1,2,...,M .
With EGC, the combining coefficients are

a =e fori=1,2,....M .
Clearly,

lai|=1 fori=1,2, ..., M.

The combining output is
M M M _
r=3ar=(3h)d+Se
i=1 i=1 i=1

The above operation is referred to as “phase alignment” or “co-phasing”. It
results in coherent adding. In practice, each @14 is realized by a time delay
circuit of 8. We will come back to this later.
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Power gain with EGC

EGC improves SNR statistically. To see this, define
SNR at receiver output (after combinging)
SNR at the transmitter

effective power gain =

Let P =|d|°. Then
SNR at the transmitter is P/ 2.

signal power after combiner = (i\h \) P

Z_l:e‘j‘g‘ni ]: Mo*

Note that o2 is actually the noise power at the receiver. Thus P/c? is only a
reference value that is useful in measuring the effects of the channel and receiver.

SNR after the combiner: (Zi“il\hi \)2 P/(Mo?)
SNR gain: (Zi“il\hi\)z /M

noise power after combiner = E(
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Example:

EGC is not optimal. Let r,=1+7, and r,=-2+7,. Compare 3 methods:
Method 1: a,=1, a,=1,

r=r+r,+(n+n,)=-1+(mn+n,),
SNR = (-1)%/20°=1/2 0.

Method 2(EGC): a,=1, a,=-1,

r =1+ (17-175)= 3+(1m1-17),
SNR = 9/2¢62% =4.5/ 6.

Method 3: (MRC) a,=1, a,=-2,
r=r-2r,+(n-21,) = 5+(17,-217,),
SNR = 25/506%=5/2.
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Time domain derivation for the co-phase operation

We now summarize two different approaches to the derivation of the co-phase
operation.

Time domain approach: Consider a transmitted cosine signal (ignoring noise)
s(t) =dcos(2x f t)
Let the received signal on antenna i be
r(t)=|h|dcos(2zft+6)

Where‘h ‘IS the amplitude gain and &, is the phase change due to delay. The co-
phasing operation adds a phase of -& to r;(t) and

r(t):Z\hi\d cos((2zft+6)-0) (5.10)
This is to align the phases of different r;(t).
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Phasor domain derivations for the co-phase operation

Phasor domain approach: Let the phasor of s(t) be s=d. The phasor for r;(t) is
rr=hd =|h|e"d
The phasor representation of (7.10) is
M _ M
r=>e"hd=>|h|d

Each corresponds to a proper delay in the time domain.
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Time domain Phasor domain
In the above figures, we can see that p is maximized if 6, and &, are equal. This
IS the purpose of the co-phasor operation, which cancels out their difference.

Clearly, the use of phasors provides a more concise approach. 20



Maximum ratio combining (MRC)

‘ _ ho y~vli g™
MRC. v 1
MS.E BS.

With MRC, we select a = h . Substituting th
M 2 —
r= ;(\hi\ d+h,)
The SNR in ris (with P = [d}]%):

\Z hi 2) P M ﬁ 2 P
SNRr — Il\jl . :Z ! .
\Z hi )(72 i=1 O
where SNR; is the SNR_for antenna i,
SNR, =|h| P/ &

Thus, with MRC, the output SNR is the sum of individual SNRs.

Is into (5.7), we have

=~ Y'SNR (5.11)

i=1
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The optimality of MRC

Recall (5.7): r=3a (hd+n,). For arbitrary {a;}, the SNR after combining is
given by

iaihid iaihi P
SNRr: i=1 . — il\;l .
E(iaﬂ, j ;‘ai‘ o’
(ZR)ER)P o o
<A =>|h| P/o®*=>SNR (512
Z‘ai‘ o’ i=1 i=1

where we have used the Cauchy—Schwarz inequality. From (5.12), the output
SNR for any {a;} cannot exceed XSNR;. Thus MRC is optimal with respect to
SNR maximization.
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Power gain with MRC

SNR after the combiner: SYSNR =>"|h[P/c”
SNR at the transmitter: P/c?
SNR gain: Zi'\il‘hi‘
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Cauchy—Schwarz inequality
The Cauchy—Schwarz inequality states that

(Z;‘X‘Z)(Z;\Y\Z)Z iz;:\xiyi‘

2

or oy =y

Proof: If x=0 it is clear that we have equality. For x=0, let

H
Z:y_(ny]X o
XX ZVy
H
S0 zx“zyx“—(yx jxxH:O R

Xx" g
We can equivalently write (i) as X
. S Note the orthogonality
Xx" ) between z and x.
H 2 XH
yy" :(yXHJ ez H)
XX XX
or () (") 2 (9" 2



Chi-square distribution

In MRC, the output SNR is the sum of the SNR on M antennas. The latter are
random variables. The SNR on each antenna is given by

SNR, =|h| P /o
With Rayleigh fading, each h; is Gaussian distributed and |h;|? is exponentially
distributed. The SNR after combining is

S SNR =3P/ o
Let us ignore the common factor P/c?. Define
y=3rlef =X (Re(€)f +[Im&)f )

where each Re(&) or Im(&) is Gaussian distributed with zero mean. It can be
shown that y is a chi-square distributed (or »° distributed). Its PDF is given by
(with Var(Re(&))= Var(Im(&))=1)
y
f(y):< ZMF(M)
0 y<0
and 2M is called the free-degree of the variable. 25
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Chi-square distribution
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The exponential distribution, 1.e., Rayleigh fading, is a Chi-square
distribution with free-degree of 2.
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Chi-square distribution

The following is an example for three individual antennas and MRC, which
combining with chi-square distribution. We can see that after combining, the
probability of deep fades is significantly reduced. Thus gain combination
technique can increase average power as well as alleviate fading effect.

10 _— 2 with free-degree of 6

) \
¥ ,s/v\/\/v‘\myleigh (y? with
% - / free-degree of 2)
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Summary: non-coherent combining, EGC and MRC

For non-coherent combining refers to the operation below: (In general, “non-
coherent” means ignoring phase while “coherent” implying operation on phase.)

r_Zr Z(hd +17,)

From (5.8c), it can be shown that
" |h['P/(Ma?)

SNRnon-coherent combining Zi:l i

Note that here noise is increased by M times after adding. From our earlier
discussions, we have power gains:

EGC: (X h]) 1™
MRC: > hf
Non-coherent: WA,

Thus MRC is better than EGC. The proof can be obtained using the Cauchy-—
Schwarz inequality. It is also seen that MRC outperforms non-coherent
combining by M times when all {h;} have equal power. 28



Performance of gain combining
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Performance of gain combining
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Here is %

Percent Probability that SNR < Abscissa

99.99 T . . x , 0.01
99.9 0.1
99.5 A4 05
980 e X
90.0 777 10.0
80.0 L1/ 200
298 Z /7 734383
60.0 C 1L/ [ Aaoo
50.0 A1/ /599
40.0 — 60.0

S —
™ —
e
© ®
© 0O
o ©°

[H]
0
Q

FEETHI T T T
b\
\\
Mo

N
~UN
%\
LIl
3 & |
(o] (o]

e

N
Q
Ty

N
Rt
M~
M—
= ——
T —

s T s
0.2 - / / // :99.8
f UL L e
0.05 f 7 s"y £ g éﬁi ;5?/ Ig 599.95
oo/ A Y .
o.o1_i/' - 1 - /' { I 'I 'l . 99.99

Distribution of the SNR at the output of the equal-gain combiner.

Reliability

30



|

MS _ BS.

Maximum ratio transmission (MRT)

Consider a system with M transmit antennas and one receive antenna. Let h; and
X; be the path coefficient and signal, respectively, from the ith antenna. The

received signal is
r=>"hx +rg (5.13)

=1 "1
xl §7x2

44}“/—/#’3?";
I"f |

ha.

We first consider x;=d for aII I, where d is an information symbol with average
power P. The recelved signal then is given by

r=(Xh)d+n (5.14a)
Assumed that all {h;} are independent to each other, so Zh; in (7.14a) adds non-
coherently (since {h;} may cancel each other). Thus the SNR is

SNRnon—coherent — le\il‘hl ‘2 P / 0-2
Note that the total transmitted power is MP, so the transmitted SNR is MP/&?.

The power gain is ,
power gain=(1/M)->" |h| (5.140) 31



Maximum ratio transmission (MRT)

We can do better using maximum ratio transmission (MRT) with
x =hd (5.15a)
Substituting (5.15a) into (5.13), we have
r=>|h[d+7
Here X|h;|? adds coherently. Thelzroeceived SNR is
SNR=(3h[) P/o
The total transmitted SNR is Z|h;|?P/o?, so SNR gain is
SNR gain =>" |h [ (5.15b)
This i1s M times of the non-coherent scheme in (5.14b).

MRT requires to know {h;}, which is referred to as channel state information at

transmitter (CSIT). This knowledge enables coherent signal combing at the
receiver.
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Power gain with MRT

SNR after the combiner: SNR = (Zi“il\hi \2)2 P/o?
SNR at the transmitter: S Ih[P/o?
SNR gain: S hf

The power gain is the same as MRC.
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5.2 Space-time coding
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Space-time coding

Recall that the power gain for MRT is

Yulnf

MRT achieves this using CSIT. In practice, accurate CSIT can be a difficult
requirement. Is there any advantage in employing multiple antennas at a
transmitter without CSIT?

As a starting point, consider a simple repetition scheme. Let X; = X,... = X = X
be the signals transmitted from M antennas with power P on each antenna. The

received signal is By, X1 X2
M h h }‘/h&/#ﬂ];;
r — Zi:]. iX — X MS 2 o

The total transmitted power for all {x;} is MP. The power gain is
(MP) M = i
This is M times lower than MRT.
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Space-time coding

A more serious problem is that the overall channel coefficient h=Xh; is Rayleigh
distributed. Such distribution is not preferred in many cases.

To see the problem, let x,==*1 h, = -h,. Even if |h,| and |h,| are large (that means
h, and h, are not in deep fades), the received signal can still be zero. This can be
a bad situation.

In the following, we will study a space-time coding technique that does not
require CSIT, but can increase the diversity (i.e., increasing the free-degree of
the power distribution of the received signal).

36



Space-time block coding

Space-time block coding (STBC) is a technique to achieve diversity with
multiple transmit antennas without CSIT. The key is to adopt a “block™ coding
structure in both spatial and temporal (time) domains. There are other
alternatives, such as space-time trellis coding, but we will only discuss STBC
below. Our focus is the Alamouti scheme

7 X1 ‘§7J’€2¢

h[ +
transmit o *‘J/*’"E

antenna ho. BS.
diversity MS E

Consider M=2. This leads to a 2X 1 system (i.e., two transmit antennas and one
receive antenna). We introduce a time index t. The received signal is given by

IFt — hlxt,l + hzxt,z + 1, (5'17)
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Space-time block coding

In particular, for t=1 and 2, we have

rZ‘L — l‘11)(1,1 + h2X1,2 + 771

r,=hx,, +hXx,,+n, (5.18)

The Alamouti STBC scheme is defined by the following choice of x.

|: X1,1 X1,2 :| |:C1 _Cz :|
X2,1 Xz,z C, C,

(5.19)
L

ant. 1 ant. 2

¢ TG
modulation ST Block Code . .
. * | @ CE Cl
Information . ole o c, —c,
Source 7 e 00 @ —> [CI?CE] — * * h
" " @ CE Cl

time =1

time =2
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Decoding for the Alamouti scheme

The received signals in (5.18) become:
= hlcl o hzcz +17,
r,=hc, +hc +7, (5.20)

In general, {c,, c,} can be two QAM modulated symbols carrying information.
The received signal in (5.20) can be rewritten as

A L h1 _hz C, + 7,
e I h el |m -20)

Assume that {h;, h,} are’known at the receiver. We now do the following
transformation:

S SEHs ST o
I _hz h1 rz | 0 P C, 7,

* * 2 2 ~1 ) h2 1
where p=hnh +hh,=[h [ +]|h, | and {q{ hl* }{U}
n, _hz h1 7, 39



SNR performance

The noise variance and the SNR related to {F;, I, } is (5.22) are
Var(7,)=Var(7,)=|h| ¢’ +|h[ 6’ = po®  (5.23)
£ P 2 2
SNR = h,| J(P/o (5.24)
2 =(h I )(Pro?)

where we have assumed that the average power of c;is P. Since each c; is
transmitted twice, P, omitteq = 2P forAIamoutl Therefore we have:

SNR after space-time decoder: Z|hi |2 P/o° (5.25)
i=1

2
SNR gain: 0.5> |h, i (5.26)
i=1

This 1s compared with MRT in (5.15). MRT is based on the assumption of
knowing CSIT, which leads to an advantage because of more power can be
allocated to directions with better gain.
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SNR performance

It is also interesting to compare Alamouti with the simple repetition scheme in
beginning of 5.2. Both have the same SNR gain. This means that they both
cannot provide coherent effect at the receiver. The reason is that they both do
not require channel information at the transmitter.

However, repetition transmission results in a Chi-square distribution of free-
degree of 2 while Alamouti has results in a Chi—square distribution of free-
degree of 4. Thus Alamouti has better diversity.

- What does diversity mean here?

- How dose Almounti achieve diversity?

We should pay attention to p in (5-22) for the above questions.
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Estimate {c,, C,}
Let C be the set of modulated symbols. Based on (5.22), we have
L= pC +1m,

The optimal estimation of ¢, is ¢<C that minimizes |f, - pc|* . A similar result
applies to c,. This is the so-called least square principle. We can also use the
minimum mean square error principle, for which we will omit details.

) ) ) °
; . . P @
Note: The optimal solution is not = /
I i - o 1 ® ® ] )
the signaling point nearest to f; . A /v
A () () () °
() () () °
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Performance of Alamouti STBC coding

Bit Error Rate

BER for BPSK nodulation with Alamouti S5TBC {Rayleigh channe.
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5.3 MIMO
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MIMO

N h T,

a..‘lh-._ - _1f F ? 1:{

A MIMO system can be characterized by a matrix equation:
r=Hx+n.
The problem here is that H is full. For example, for 2X 2 system, we have
ry=hy X+ X+
ry = hy X+ Ny oX, +17,

It is difficult to find y, and y, directly from r, and r, due to interference.
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MIMO

Assume that H is known. We may claim x ~ H-ly. This is referred to as the
zero-forcing method. It is not accurate due to the presence of 7.

The singular value decomposition (SVD) technique is a more efficient
alternative. Let the SVD of H be
H=UAVH
We use a precoder at the transmitter as
X = VC.
where c is the transmitted signal and c represent the actual information. At the
receiver, we perform a combing operation as
z=U"Hr.
Clearly,
z=UHUAV x+ UHp=AVHx+ ’,
where n’= U Hn. Noting that x = V¢, we have
Z=Ac+ 7.

We can now detection ¢ in a symbol-by-symbol way. s



MIMO

The advantages of the SVD technique are as follows.,

(i) It provides good diversity.

(i) It allows power allocation on different values, which improves transmission
efficiency. We will cover the related water-filling technique later after
discussing coding principles.

The disadvantages are as follows.

(i) It is necessary to know channel coefficients at the transmitter.
(i1) Eigenvalue decomposition has high computational cost.
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Chapter 5 summary

1) Outage probability of switched combining

_ 0

P(#0) =Pr(¥ex <75) =(1—€ 7)"
2) Power gains

EGC: (M) 1™

MRC or MRT: > |h[

Non-coherent: 3" ||/ M (degree of freedom=2)
Alamouti: 0.5, h| (degree of freedom=4)

3) For 11D complex Gaussian {£},Y . |&[ is chi-square distributed (or 42
distributed) with free-degree 2M.

4) MRC or MRT provides an average power gain of M times compared with
the non-coherent transmitting and receiving schemes.
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Chapter 5 summary

5) Alamouti coding and decoding
Xl,l X1,2 :|
_X2,1 X22

rl}
RE

B
e oo
| hn

_h; rz*

hy

NEE

where I, = pC, + 77, . The optimal estimate of c, is ¢ e Cthat minimizes | — pc|’.
(Same applies to I, ). The power gain of Alamouti is 0.5(|h,[>+]h,|?). This is half

of MRT. Its degree of freedom is 4.

6) A MIMO system can be transformed into the following form,

Z=Ac+ m,

where A is a diagonal matrix consisting of the eigenvalues of H.
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